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We recall that if A is a subring of a ring B, then bEB is said to be integral over A if there is a unitary polynomial fEA [X] such that fib) = 0. 23 is said to be an integral extension of A il each b EB is integral over A. If 23 is an integral extension of A, then for every prime ideal 0° of A there is a prime ideal Q of 23 with Qf^A = (P. If 23 is any extension of the ring A, the set A' of bEB which are integral over A is a subring of B and so an integral extension of A. If A =A', A is said to be integrally closed in B. If A EBEC where C is a ring and A and 23 are subrings, then if C is an integral extension of 23 and B an integral extension of A then C is an integral extension of A. From this it follows that the integral closure A' of A in an extension 23 is integrally closed in B.
In the category of fields, integral extensions are just the algebraic extensions. The algebraically closed fields fi are precisely those which are injective with respect to algebraic extensions, i.e. they have the property that if a: K-+Q is a homomorphism where K is a field and E is an algebraic extension of K, then there is a homomorphism 25->S2 agreeing with o~ on K. Each field K has an algebraic extension 12 which is algebraically closed. Furthermore, if Q,' is another algebraically closed algebraic extension of K, then any ^-homomorphism fl->fl' (which always exists) is an isomorphism.
The question naturally rises whether we get the analogous result in the category of rings when we consider integral extensions. In this paper we consider this problem.
Definition.
A ring D is said to be totally integrally closed if for any ring homomorphism a: B->D and any integral extension C of 23 there is a homomorphism C->D extending a. (The term integrally closed is reserved for an integral domain which is integrally closed in its field of fractions.)
The following two propositions are immediate. Proof. Suppose A is integrally closed in ft and let a: B->A be a ring homomorphism and let C be an integral extension of B. Then Ker(cr) is a prime ideal of B since A is an integral domain. Since C is an integral extension of B there is a prime ideal 6> oi C such that (?r\B = Ker(cr). Let B'=B/Ker(a) and C' = C/S>. We consider B' a subring of C. We have an induced injective homomorphism B'->A, and so a homomorphism B'-»ft. Now let M be a field of fractions of C and LCM be a field of fractions of B'. Then M is an algebraic extension of L since C is an integral extension of B. Now the injective homomorphism B'-»ft can be extended to A->ft and this in turn to a homomorphism M-»ft since ft is algebraically closed. Thus by restriction we get a homomorphism C/<P = C->ft and so a homomorphism t: C->ft which agrees with a on B. Since C is an integral extension of B, the elements of r(C) are integral over r(B) =a(B)CA and hence belong to A since A is integrally closed in ft. Thus t(C)CA, and so <r: B-*A has an extension C->A.
Conversely, if A is totally integrally closed, then by Proposition 2 above there is a retraction r: B^>A where B is the integral closure of A in ft. Then Ker(r)f~}A =0. But by the usual argument this is possible only if Ker(r)=0, for if bEB, br^O, then suppose bn+an-xbn~1 + -• • +axb+a0 = 0 with a,EA, i = 0, ■ ■ ■ , n -1 where n^l is minimal. Then a07*0 and a0GKer(r). But Ker(r)r\A=0.
Thus we see that Ker(r)=0 and so r is an isomorphism which implies B=A. Then it's easy to see that multiplying z by some of the Y/s, we could assume zEA'-X and z^O. Now clearly Card(£)^Card(7). Now recalling that A' =A/<&, we make E into an algebra over A in the obvious fashion. Note then that bz = 0 if bE(B, zEE. Now form the ring A XE with componentwise addition and multiplication (a, w) ■ ib, z) = iab, bw + az + wz).
Then considering A as a subring of A XE, we see A XE is an inte-gral extension of A. Now let C be the set of pairs (ac, aX) for aEA. This is clearly a subgroup of A XE. If bEA, zEE, we have In order to regain uniqueness we make the following.
Definition. An extension B of a ring A is said to be a tight exten-sion of A if (S>P\A =0 for any ideal 03 of 23, then (B = 0.
Then in complete analogy with the notion of an injective envelope [2, pp. 75-78] , we have Theorem 2. If A is a reduced ring, there is a totally integrally closed integral extension A' of A which is also a tight extension of A. If A" is any other such extension of A, then any A-homomorphism A'-*A" is an isomorphism.
Proof. The argument, with very slight modification, is that in [2, pp. 75-78] . We repeat it here for completeness. We first note that if 73 is a tight extension of A and C a tight extension of B, then C is a tight extension of A. Then suppose that A is a subring of 23, 23 is a limit ordinal number, and iAa) is a family of subrings of 23 indexed bv all a</3 such that:
'Aa = A.
Aa+i is a tight extension of Aa for all a<(3. Ay = \JAa for a<y whenever 7</8 is a limit ordinal. Then it's easy to check that (iAa lor a </3 is a tight extension of A. From this, it follows that we can find a tight extension A' ol A in 73 such that if A" is a tight extension of A', A"EB then A' = A". Now suppose A is a reduced ring, 23 is a totally integrally closed ring containing A. By the Remark following Theorem 1 we can furthermore suppose B is an integral extension of A. Then it suffices to show the A' gotten above is totally integrally closed. By Proposition 2 it suffices to show A' is a retract of B. We choose an ideal 03 of 23 such that -4'^ 03 = 0, and furthermore we suppose 03 is maximal with this property. Then we can identify A' with a subring of 23/03. Clearly, 23/03 is an integral extension of A'. By the maximality of 03 it easily follows that 23/03 is a tight extension of A'. Now 23 totally integrally closed implies we can find an A '-homomorphism 23/03 -^ 73. <r is an injection since Ker(<r)Pi^4 =0. Thus <r(^4')=^' and so is totally integrally closed. But then there is a cr(.4')-homomorphism r: A"-*aiA'). But
